On a conjecture of hasse concerning multiplicative relations of Gaussian sums  by Yamamoto, Koichi
JOURNAL OF COMBINATORIAL THEORY 1, 476-489 (1966) 
On a Conjecture of Hasse Concerning Multiplicative Relations 
of Gaussian Sums* 
KOICHI YAMAMOTO 
Department of Mathematics 
Florida Atlantic University 
Boca Raton, Florida 
Communicated by 
|NTRODUCTION 
1. We denote the rational number field by Q, and a primitive n-th 
root of unity by ~',,. Let e be a fixed integer > 1, and let p be a prime 
number such that p ~- 1 (mod. e). We denote the group of e-th power 
residue characters o fp  by X, and its unit element (the principal character) 
by L We assume X(0) = 0 for all characters Z of X. Also we denote the 
quadratic residue character of p by ~p. 
The Gaussian sum r(Z) is defined, for any character Z in X, by 
p 1 
T(z) Z z(x)~p. 
It is well known that T(1) 1, and 
T(Z)~:(Z ) - p for ZV  = 1. (1) 
The Jacobi sum x(Z1, Z2) is defined, for any two characters 21 , 22 in 
X, by 
Y'~(Xl , Z2) - ' :  - -  '~  ZI(X)Z2(Y)" 
z+y~l(mod p) 
The Jacobi sum ~(Xl, g2) belongs to the field L = Q(~'e) of e-th roots 
of unity, and in particular, ~(I, 2:) =- 1, Jr( z, 2) = Z( -  1) for Z =/= I
and a(/, I) = 2 - p. 
* This work was sponsored by the Mathematics Research Center, United States 
Army, Madison, Wisconsin, under Contract No.: DA-11-022-ORD-2059. 
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The above definitions uggest an analogy of Gaussian sum and the 
gamma function 
l~(z) = f? .v -~exp( - -  x)dx,  
involving multiplicative and addition characters, and of Jacobi sum and 
the beta function 
B(z~ , z2) -- x~-~y~- Idx ,  
o 
x+y=l 
involving two multiplicative characters. We observe another analogy in 
~z(Z1, Z2) -- T(Z1)~(Z~') for ZIZ2 ~/~ I
and 
F(zOF(z~) 
B(Zl ' Z2) - -  -f'(Zl -7 Z2) 
2. The Davenport-Hasse formula. A remarkable relation connecting 
Gaussian sums is the Davenport-Hasse formula [1], which states 
1-I - ( z ,  ~)~ z(t ~) ~-(-z)z- , (2) ~=t r(Z z) 
where l is a divisor of e and Z is a character in X such that Z l @ I. 
As a matter of fact, the above formula is a close analog of the multi- 
plication formula of the gamma function: 
F( lz)  = l ~-1/2 21"2F -(1-11 [ I  F z + . 
j=o 
Indeed (2) can be transformed in 
I-1 
v(Z l~) = z( l  l'~-e/2) (Z(2e/2)r(Z~/2)) -(Z-l) H r(Z~+(emJ), 
3=0 
(3) 
where e is even, l is a divisor of e, and X is a primitive e-th power residue 
character of p. 
3. Hasse's conjecture. Hasse [2, p. 465] has conjectured that (1)and (2) 
are essentially the only relations connecting the Gaussian sums ~'(Z) 
for the eth power residue characters. 
It will be shown in this paper that Hasse's conjecture is true when 
Gaussian sums are considered merely as ideals. However, when consid- 
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ered as numbers, there are more of such relations, and it is an interest- 
ing problem to determine xplicitly all these relations. 
Our approach is as follows. First, by taking the exponents of Gaussian 
sums to the prime ideal divisors as is expressed in the Stickelberger for- 
mula, the problem is changed into elementary properties of the Bernoulli 
polynomial {x} of degree 1. 
On the other hand, the Davenport-Hasse formula is transformed into 
a special type of functional equations, which I call the F-functional equa- 
tion in regard to a close analogy with the gamma function. Then ele- 
mentary computations will show the validity of Hasse's conjecture. 
Theorem 1 establishes that, if e is even and > 4, then the number of 
multiplicatively independent Gaussian sums is 89 1, where q: 
is Euler's totient function. Theorem 2 shows that the restrictive power of 
the/'-functional equation is strong enough to express all other relations 
as its consequences. 
1. PREL IMINARIES  
4. We begin with a proof of (3). Namely, we prove 
LEMMA l. I f ]  is a divisor of  e, then 
l - i  
z(Zl~) = z(ll~)~v(1)(~v(2)r(~v)) It-l) H w(Z~+le"tl~) 9 (4) 
j=o 
PROOF. In order to prove (4), we may assume, without loss of genera- 
lity, that e - p 1 and Z is a primitive (p - l)th-power esidue char- 
acter. The Davenport-Hasse formula (1) states that 
/ 1 
[I T(z ~+kj) 
T(ZI~) I. ~=o = z(/ ) ~__~ . . . . . . . .  , 
H T(z ~~) 
j -- I  
with k = (p - 1)/1, as long as a ~ 0 imod k). But the above is still true 
for u ~ 0 (rood. k). We write the above formula as 
I -1  
T(fl ~) = ~-lz(lza) [ I  ~(Z~h')), 
j -o  
where 
l -1  
fll = H T(Z k~) 
j= l  
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is independent of  a. We assert that 
~t = ~0(5(w(2)*(v,)) Z-~. (5) 
In order to prove (5) we distinguish two cases according as l is odd or 
even. I f  I is odd, then k is even and z(z~J)r(g -kj) = p for j ~ 0 (mod. l), 
so that 
(I--1)/2 
fll = I~ T(~kj)v(Z-k j )  = p(l-1)/2 = (9 ( - -  1)V(~))2) (I-1)/2 
j=o 
~- ( - -  1)[(P-1)/2][(I-1)/21 T(]O)/-1 
by using the reciprocity law of Jacobi symbols, and z(~o) 2= ~f( -  1)p. 
I f  1 = 2l' is even, then we have 
r = ( -  l )  (l'/2)(l'-'k r(~0) l-~ = 7'lr(~o) I-1, 
say. I f  l' is odd, then 
Yl = ( -  1) kt'(t'-l)/2 = ( -  1) [(p-1~/2][(1'-1)/2] 
If  l' is still even, then p ~ 1 (mod. 4) necessarily, and 
71 ~ ( - -  1) (p-l)/4 - -  y:(2) = ~( l )~(2) / -1 ,  
since w(l) ~ 1 for this case, as is shown below. In fact, if l = 2"11 and 
11 is odd, a ~ 2, then ~'(ll) ~ (p/ll) 1 and ~o(l) = ~,(2)L This is ---- 1 if 
a 2, and also for a > 3, since ~p(2) = l if a ~ 3. 
5. Congruences for Gaussian sums. In the cyclotomic field L = Q(~~), 
the prime number p splits 
P= PP . . . . . .  H PL 
where g denotes the Galois group of L/Q, and in the field L(~v)/L , the 
prime ideals P, ... are completely and tamely ramified, 
p = ~p-1, .... 
Let K = Q(~'p) and p be the prime ideal divisor of  p in K. Then 
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p = pp-1, and in the :p-adic complet ion/s of K is contained an element 
~ such that 
(7/'-1:= -p ,  ~p 1 ! (5(mod i)2). 
By using this element (5 we have 
p--1 a,~ r
" P 1l ! 
If =0  
for any rational integer a. 
Now let P be a fixed prime ideal divisor of p in the field L, and let 
7. be the e-th power residue character of p such that 
Z(x) x(~ 11,; (mod P) (6) 
for all rational integers x. 
If ( x ) denotes the fractional part x - [x] of real number x, and if 
a t denotes the automorphism if,,-+ ~] of L/Q, extended to KL/K, 
then we have the multiplicative congruence 
(~(p 1)<at~e> - :  
z(Z. ) ~= (rood • ~- t ) ,  (7) 
((p -- 1)(at~e))! 
considered in the ~~ completion of KL. (cf. [5]). This gives the 
prime ideal decomposition of r(Z") in the field KL. 
~at ) (~(z~))= ~0, 0=(p- l )  E ~-?- ,~:~ (s) 
(t,e)=l 
t(mode) 
where the summation is over a system of reduced residues rood e. This 
is the Stickelberger formula (cf. [4]). 
2. NUMBER OF MULTIPLICATIVELY INDEPENDENT GAUSSIAN SUMS 
6. We assume e to be even in the remainder of this paper, and in this 
section we prove the following. 
THEOREM 1, I f  e ~ 4 then the number of multiplicatively independent 
Gaussian sums T(Z a) is lq)(e) 4- 1. 
7. Let 
~(z ~) 
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Then we have, by (1), (4), and (7), that 
(Qa) (Q-a) = (1) for a • 0 (rood e), (9) 
1-1 
(Qla) = H (Qa§ for I t e, (10)  
j=o 
(Da)= ~o(a), O(a)=(p- -1 )Y ,  {~}cr -~,  (11) 
(t,e)~l 
t(mod, e) 
where 
{x} = {x)  - 
is the Bernoulli polynomial of degree 1. This satisfies 
{ - -x}=- -  {x} if x~0 (mod 1), (12) 
{lx} = Y, x + , (13) 
j=o 
{ l tx}= ~ t x§  if ( t , l )=  1, (13') 
j=o 
corresponding to (9) and (10), in view of (11). 
Now, identifying the domain of a and t above with the additive group 
Ne of residue classes rood e and with the multiplicative group ~e* 
of reduced residue classes mod e, our theorem is equivalent to the sta- 
tement hat the rank of the e • ~(e) matrix 
t 9 ~e* 
is i~(e)+ 1 if e>4.  
In view of (12), the row 0 of A is independent of other rows. So, we 
have only to show that the rank of the (e - l) x ~(e) matrix 
.+0  
t ~ ~6" 
is 89 
8. By (12) it is seen that the column -- t of A1 is -- 1 times the co- 
lumn t, and the rank of A1 is at most 89 On the other hand if 
{,a} Z c t -~  =0 for a~O (mod e) 
t ~ ~,* 
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with rational integers ct such that c_t  = - ct and not all 0, then 
Y,, c t{~}=O for a~-O (mode), 
te~ 6 
for all s ~ ~c*. The above is written as 
e,, 
where ~ is any character of the group ~e*. Thus by taking summation 
over s e ~e*, we have 
Z 
t e ~e* s e ~o* t 9 ~6" s e ~* 
=0 for a~O (mode). 
Since not all ct were O, we can choose a character v aof ~*  in such a way 
that 
Z cfi(t) r o. 
t e ~** 
For this character we have 
-1 ,  ~ va( t ){ -~- -} :0 fora~0 (mod e). (14) 0 ( -  1) 
t e [R~* 
9. Let e I be the conductor of O, considered as an abelian character of 
the rational integral domain, and denote the primitive character corres- 
ponding to v ~ by z~l. If t ~ s (mod e0, t ~ ~e*, s ~ ~,*, then we have 
0(t) = Ol(S) and {ta /e}  = {sa /e l} .  For given s there are q~(e)/cp(el) le- 
ments t satisfying the above congruence. So, by taking a = e/el in (14) 
we have 
~] ? '~1(S) f~ } ~ ~1(S) S l ei-1 - Z 01(s)s = o, 
se~e~ :e  , el el s=l 
since ~,~9t~1 0(s )= 0. However, this is impossible since ~et--ls=l bql(S) S 
is a factor of the first factor of the class number ([3], p. 237) of the cyclo- 
tomic number field Q(r 
This proves that the rank of A1 is 89 and Theorem 1 is proved. 
10. Number of multiplicatively independent Jacobi sums. Let 
r (x )  ~ 
oJa- T(za ) 
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for all integers a. The quantities ~oa belong to the field L ---- Q((e), and 
the multiplicative group generated by all these has the rank 89 + 1, 
if e > 4. The group is identical with the group generated by Jacobi 
sums er(Z a, gb). So, the rank is 89 + 1. Now let G be the group gen- 
erated by Jacobi sums ~r(X a, g b) such that ~(Z a, Zb)~ 0 (mod. P). 
I assert hat the group G has rank 89 Indeed if we denote the multi- 
plicative group generated by p by H, then Theorem 1 shows that the 
group GH/H has rank 89 On the other hand GH/H "~ G/G n H, 
and G n H consists of the identity only, since elements of G have expo- 
nent 0 with respect o the prime ideal P by assumption. Thus we have 
proved. 
THEOREM 2. Ire > 4 then the group generated by Jacobi sums ~r(Z a, Z b) 
such that zt(ga, Z ~) ~ 0 (mud. P) has the rank 89 
The Theorem has an application to an investigation ofpower residue 
difference sets [6]. 
3. ]"-FUNCTIONAL EQUATION 
11. By using the Bernoulli polynomial {x} of degree 1, the ideal ver- 
sion of the Davenport-Hasse formula (2) is written as (lY). That is, 
the function F(~) = {t~}, defined over fractions ~ = x/e with the deno- 
minator e and considered mud. 1, satisfies the functional equation 
F(I~)= Z F ~ + for l le. (15) 
j=0 
Let us call (15) the F-functional equation in view of an analogy with the 
gamma function. We first note 
LEMMA 2. Let e > 4 and let E be the additive group of multiples of 1/e, 
considered mud. 1. Let ~ be the set of all functions F defined over E, 
taking values in a field of characteristic O, satisfying the ]"-functional 
equation (15) and the skew symmetry condition 
F( - -~)=- -F (~)  for ~s&O. (16) 
Then the dimension of the vector space ~ is ~ 89 + 1. 
PROOf. The Lemma is a slight modification of Theorem 1. Namely we 
have seen that Ft(~) = {t~), (t, e) ---- 1, 0 < t < e/2 give 89 line- 
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arly independent solutions, in proof of Theorem 1. On the other hand. 
Fo(~) 0 for ~ ~ 0, F0(0 ) 1 give rise to a solution, which is linearly 
independent of the Ft. 
12. Consider the vector space V spanned over Q by e independent 
variables F(~), ~ in E. Besides the /'-functional equation (15), we im- 
pose a symmetry condition slightly different from (16). Namely let 
1 or -- -- 1 and keep it fixed. Let U~ be the subspace of V spanned 
by vectors of the form 
F(l~)-- ~ f ~ + for l ie, (17) 
j ( "=l 
and vectors of the form 
F( -  ~) - e F(~) for ~7~0. (18) 
We have ssen in the Lemma 2 above, that dime(V - U 1) --> 89 § 1. 
If we could show that dimQ(V -- U_a) _< 89 ~ 1, then the Daven- 
port-Hasse formula (2) and the norm formula (1) are shown to be essen- 
tially the only relations, and Hasse's conjecture will be confirmed. 
13. Let d be a divisor of e, and let l I , . . . ,  1, be the prime divisors of d. 
Let Xa be the subgroup of E, generated by 1/d. Let I'd be the subset of X a 
consisting of x/d with (x, d) > 1. Now define an equivalence relation 
--~ in the set X a , by setting ~ ,~ z/if and only if 
( (' rj ~ mod 1t ..... lr " 
If ~ x/d is such that (x, d) = 1, then the class of ~ contains exactly 
[If=i (li - ~i) reduced fractions where di is defined to be 0 or 1 according 
as 1[' I d or not. Indeed let ~ be a reduced fraction and 
t'~ i,. (rood 1) (19) +Y,  + ' 
with rational integers il ..... ir 9 If l~? ] d then iz. can be chosen arbitrary 
and the denominator of ~l contains the prime lz. with the same exponent 
as d. However, if lk 2 j- d, then there is one and only one value ck, con- 
sidered mod. lk, to cancel the factor l~. from the denominator of ~ in (19). 
So, in order that r~ in (19) be a reduced fraction it is necessary and suf- 
ficent that 
i~.~ck (modlk) for lk 2 i 'd .  
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This shows there are exactly I]~= 1( l k -  3~) reduced fractions in the 
equivalent class of ~. 
14. Let/~(n) stand for the M6bius function. We extend # to multiples 
of 89 by simply defining #(n) ---- 0 for nonintegral values n. We note that 
if -- ~e ~ ~ and ~e is reduced, then/~(d) :76 0 or #(89 =~ 0. Indeed then 
( 2~: ~ 0 rood l~- ..... L-r 
and this is only possible when d or 89 is = l~ ... l~. 
15. Now let V a be the subspace of V spanned by F(~), ~ c Xd, and 
W a be the subspace spanned by F(~e), ~ e Yd. Let ~ be a reduced fraction 
in Xa. Then we have 
Y~ F ~ + +. . .  + 0 (mod Wa) (20) 
i k r c~ 
for all i~ ..... i~ (except ik, a summation variable). The system (20) 
means that, when the ~=1 (lk -- 6~) reduced fractions ~7 in the class of 
are arranged over lattice points of an r-dimensional rectangular paralle- 
lepiped A, then the sum of F(~) along a straight line parallel to any axis 
is contained in W a u U~ . 
Thus if we choose, for any k, a number c~' in such a way that ck' ~ ck 
(rood. lk), then all the variables F07) with ~7 reduced and in the class of ~e, 
can be expressed as linear combinations (rood Wa w U~) of the 
H~=~ (l~ - 6~ - 1) variables F(~) with (19) such that ik ~ c~ and ~ c~.' 
(mod. l~.) for all k. For instance if 2 ] d and 4 ~ d then all F(~) with 
~are in  WdW U~. 
16. First consider the case in which/~(d) = #(89 = 0. Then -- ~ is 
not equivalent to ~ if ~ is a reduced fraction, as is shown in 14. So, the 
equivalence classes containing a reduced fraction appear in pairs. In each 
pair we select I]~=~ (lk -- 6k -- 1) variables F07) with ~ from one class, 
and express variables F07) with ~/from the other class by means of (18). 
Thus we have seen that 
dimQ(Va U U~-- Ward U~) ~ of(d) f i  (1 1 ) 
- -  2 k=l  - l~. - -  (}~ 
g 
or  
(2) dimQ(Va U Us -- Wa tj U~) ~ ~- N t~(m)cf 9 (21) mid 
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17. If #(d) V6 0 or #(89 @ 0, a modification is necessary. If d @ 1 
then there is only one equivalence class, since ~(d) = 1-Iir=l (li - di). 
Any ~ in Xe can be written as 
ia ir 
~L-~ + "'" +7-  (mod 1), ( i~, l~)= 1, (22) 
if #(d) @ 0. If #(d) = 0 and #(89 T6 0, then we have only to take 11 = 4 
in (22). When the ~ in (22) are associated with lattice points (il, ..., it) 
of the r-dimensional rectangular parallelepiped A: 
0 < I ik ] ~ 89 (k = 1 .... , r), 
in which the hyperplanes ik = 0 are removed, then the sum of F(~) 
along any straight line parallel to an axis is = 0 (mod Wa u U,). Denote 
the rank of Ve w U, - We w U,, by u,,(d). Then we assert 
u~(d) _< (~(6) -  1) . . .  (~G-1) -  1) ~___2_ 1 + u_~ T . (23) 
Indeed, the variables F(~) with ~ in (22) such that i~ < 0 can be expressed 
by F ( -  ~) by (18). In the set of ~(h ... l~_~) variables F (~) with a fixed 
i~ > 1, we select (~ (/1) - 1) ... (~ (l~_l) - 1) variables in such a 
away that all the variables F(~) with this i, are expressed as linear combi- 
nations (rood We u U~) of these. For the remaining f (h  ..- l~_0 varia- 
bles F(~) with i~ = 1 in (22), we write 
1 
and define 
Then F~(~) with ~i ~ Xe,, d' = d/l~ satisfy the F-functional equation 
(15) and the symmetry condition 
FI(-- ~1) = -- e FI(~I) (mod We'), 
where We' is the vector space spanned by We ~ U~ and by the variables 
F(~) with i~ ~ • 1 (rood l~) already chosen: 
= -- ~- -F  --~1-- 
- -  ~ - -  e Fl(~l ) (mod We'), 
since Y~i F(-- ~ -- i/l,) =-- O (mod W'e) and lV(-- ~ + i/lr) ~-- O 
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(mod. Wa') for i ~ 4- 1 (mod. lr). The subspace generated by FI($1) , ~1 
running over reduced fractions rood. 1 with the denominator d' has, 
when considered mod. Wa', the rank u_,(d'). This proves (23). It is to 
be noted that when d' ---- 1 we have to put formally 
u~(1) = 1, u_x(1) =0 (24) 
in (23), even though u_l(1) = 1 in the original sense. 
Now solving the recurrence quation (23) with initial value condition 
(24) we have immediately 
u_x(d) ~ 89 1 ) . . .  (qJ(Ir) - 1) - ( -  1) r) 
or 
1 (d) 
U_l(d ) ~ -~- /*(m)9 ~ -- #(d) --/* for d > 1. (25) 
Combining (21) and (25) we have 
dimQ(Vd U U-l-- Wd U U_x) < -~- Y~ #t 9~--~-) --/~(d) - /~  
raid 
for d>l .  
By taking summation over divisors d of e, and by noticing that 
u_~(1) = 1 (26) 
in the original sense, we have 
dimQ(V -- U-O ~< 89 + 1 if e > 4. 
We have proved 
THEOREM 3. Let e be even and > 4, and E be the additive group of 
multiples of 1/e considered mod. 1. Let F be a function defined over E, 
whose value range is contained in a fieM of characteristic O.If F satisfies 
the I-functional equation (15) and the skew symmetry condition (16), 
then F is a linear combination of Fo and Ft with (t,e) = 1, where Fo and Ft 
are defined by 
Fo(0) = 1 Fo(~) = 0 for $ ~ 0 (mod. 1), 
F , (~)  = I tS}  = < t~ > - -  89 
THEOREM 4. For a divisor d ore denote by 9Ia the multiplicative group 
generated by the ideals ('r(Za)) where g a is a d-th power residue character 
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of p. Then we can assign for any divisor d of e a set M(d) of 
-( (,') 1 Z tz(m)q: -~- -- #(d) l~ z- 6,, a 
2 .~la " 
reduced fractions with the denominator d, where 6i,~ denotes the Kronecker 
delta, in such a way that i f  d is an even divisor of e, then the set of 
~(q~(d) - 6~.~) + 1 ideals (r(Xa)), with a ~ M(d') for some d' j d, forms a 
set of multiplicatively independent generators of the group s~ a . 
PROOF. The argument o f l l -17  is applied to a free module generated by 
F(~) instead of the vector space. We have constructed the desired sets 
in 16 and 17. The multiplicative independence follows from Theorem 1. 
18. We have also proved 
THEOREM 5. I f  e is even and e ~ 4, then a relation 
e--1 
H (z(Z")) % = (1), ca rational integers, 
a=l  
connecting Gaussian sums z(X ~) as ideals, is a consequence of the norm 
relation 
(T(Z.))(r(Z 4 ) )= (p) for a~O (mode)  
and the Davenport-Hasse r lation 
I 1 
(r(zZa)) (~(W)) -'t-l' [I (T(za+(e<Z)9), 
j=o 
l being any prime divisor of e, 
19. I f  we have 
e-1 
H T(Za) c" = 'i (27) 
a=l  
where ca are rational integers, and ~/is a unit, then 
Z ca=0,  for ( t ,e )= 1 Z ca ( ta )= Z ca +2 a=l  
a=l  e a=l  
as is seen from (8). This implies y e=~ , 1 ca = 0, in view of (12), which, 
in turn, gives ~7~ =p0= 1, and the unit r / has the absolute value 1. 
So, due to a theorem of Kronecker on the units of an Abelian field we 
conclude that ~7 is a root of unity. Since ~7' is in the field L = Q(r 
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and p = 1 (mod. e), we have that 7 is an e-th root of unity. This is de- 
termined by means of the congruence (7). Namely, we have 
7t ~ [ I  a ! (mod P), 
a=l 
or 
7 = H ap-  1 ! (mod P). (28) 
a=l e 
Conversely, if we know that 7 in (27) is a unit, then we can determine it
by (28). In some cases, in particular for the Davenport-Hasse r lations, 
7 can be expressed by special values of Z, by making use of (6). This is 
precisely the way in which the Davenport-Hasse formula [1] was proved. 
20. Hasse's conjecture is not always true if we consider T(;r ~) as 
numbers rather than ideals. Take the case e = 12. In this case, 
T(Z2)T(Z 5) = 7"g(Z3)T(~ 4) (29) 
for a 12-th root of unity 7, and 
(r(X2)r(Zs)  2 --~ ~(4)Z(27)(r(g3)r(Za)) 2 
is a consequence of the norm relation and the Davenport-Hasse r la- 
tions. However, 7 satisfies 
74 = X(-- 4), 7 ~ = X(-- 27), 
and this shows that (29) is not a consequence of the norm relation and the 
Davenport-Hasse r lations. It is interesting to find an arithmetic mean- 
ing of this number 7. 
REFERENCES 
1. H. DAVENPORT AND H. HASSE, Die Nullstellen der Kongruenzzetafunktionen in 
gewissen zyklischen F~.llen, J, Reine Angew. Math., 172 (1934), 151-182. 
2. H. HASSE, Vorlesungen iiber Zahlentheorie, 2nd ed., Springer, Berlin, 1964. 
3. D. HILBERT, Die Theorie der algebraischen Zahlk6rper, Ges. AbhandL 1 (1932), 
63-363. 
4. A. WEIL, Jacobi sums as "GrBssencharaktere", Trans. Am. Math. Soc. 73 (1952), 
387-395. 
5. K. YAMAMOTO, On Gaussian sums with biquadratic residue characters, J. Reine 
Angew. Math. 219 (1965), 200-213. 
6. K. YAMAMOTO, On Jacobi sums and difference sets (to be published). 
